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Abstract 

0EI We study the rate of growth of entire functions that are distributionally 
irregular for the differentiation operator D. More specifically, given p G [1, oo] 

and b G (0, a), where a = -r-7, we prove that there exists a distribu- 

2 max{2,p| 

tionally irregular entire function / for the operator D such that its p-integral 
mean function Mp{f,r) grows not more rapidly than r~^. This completes 
related known results about the possible rates of growth of such means for 
T>-hypercychc entire functions. It is also obtained the existence of dense li¬ 
near submanifolds of H{C) all whose nonzero vectors are T>-distributionally 
irregular and present the same kind of growth. 


1 Introduction 


In 1988, Beauzamy [S], when trying to describe the erratic dynamics of certain 
vectors nnder the action of concrete operators, introduced the following notion. 


Definition 1. Let X be a Banach space and T : X —)■ X be a bounded opera¬ 
tor. A vector a:o G X is said to be irregular for T if liminf„^oo||l^"^|| = 0 and 
limsup„^^||T'^x|| = cx). 

Inspired by this dehnition, and by the notion of distributional chaotic mapping 
due to Schweizer and Smital (iza, see also El). in [6] it is considered the stronger 
property contained in Dehnition [2] below. Recall that, if A is a subset of the set 
N of positive integers, then its upper density and its lower density are respectively 
dehned by 


diH;(.4) = Mmsup <=‘‘^d(-4n{1.2....,n}) _ ^n {1.2.....n}) 


n—^oo 


n 


n^oo 


n 
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Definition 2. Let X be a Banach space and T : X —)■ X be a bonnded operator. A 
vector xq E X is said to be distributionally irregular for T if there are increasing 
seqnences of positive integers A = {nk)k and B = {mk)k snch that 

dens(A) = 1 = dens(i?), lim ||T"''“a:|| = 0 and lini ||T'”''a:o|| = C) 0 . 

k—^oo k^oo 

Now, let X be a Frechet space, that is, X is a vector space endowed with 
an increasing sequence (|| • ||A:)fceN of seminorms (called a fundamental sequence of 
seminorms) that defines a metric 

OO ^ 

y) min{l, ||a; - y\\k} {x, y eY), 

k=l ^ 

under which X is complete. By B{Y) we have denoted, as usual, the set of all 
continuous linear operators T -.Y ^ Y. 

The following concepts, that are a generalization of the above ones to Frechet 
spaces, were introduced in [12]. 

Definition 3. Given T E B{Y) and xq E X, we say that xq is an irregular vector 
for T if there are m eN and strictly increasing sequences (uk) and {jk) of positive 
integers such that 

lim = 0 and lim ||T-^'“Xo||m = oo. 

k—^oo k—^oo 

Definition 4. Given T E B(Y) and Xq E X, we say that Xq is a distributionally 
irregular vector for T if there are m E N and A,B <Z N with dens(A) = 1 = 
dens(i?) such that 

lim T”xo = 0 and lim ||T’"xo|U = oo- 

tiGA. n^B 

Let us consider the Frechet space H (C) of entire functions endowed of the family 
of seminorms ||/|looi?(oF) ^ ^)- Here B{a,r) denotes, as usual, the open ball 
in the complex plane C with center a and radius r > 0; and, for a nonempty 
set A C C, we have set ||/||oo,yi := sup{|/( 2 ;)| : 2 ; E A}. Hence the metric 

CX) 

d{f,g) = ^^min{l, ||/||^;g^} defines the topology of H{C). li D : f E 

k=l ^ 

H{C) ^ f' E H{C) is the differentiation operator, then the above definitions read 
as follows. 

Definition 5. Given / G H{C), we say that / is an irregular function for D if 
there are m E N and increasing sequences (rifc) and (jk) of positive integers such 
that 

lim D^'^f = 0 and lim \\D^>‘f\\ = 00. 

Definition 6. Given / E B(C), we say that / is a distributionally irregular function 
for D if there are m G N and A,B <zN with dens(A) = dens(i?) = 1 such that 

lim D^f = 0 and lim ||D"'/|| = 00. 

n —^00 d 72^00 II d 11 CXD,i:>(0,7?l) 

n^A n^B 
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In [12] is proved that D admits distributionally irregular entire functions. In 
fact, it is shown in [12] that there are T-distributionally irregular entire functions 
for any given non-scalar operator T on H{C) that commutes with D. 

Another important property related to the dynamics of operators is that of hy¬ 
percyclicity. If T is an operator dehned on a topological vector space X and Xq E X, 
then the vector xq is called hypercyclic for T provided that the orbit {T’^xq : n G M} 
is dense in X; and, according to Bayart and Grivaux [2], xq is called frequently hyper- 
cyclic for T whenever the following stronger property is satished: for any prescribed 
nonempty open set U G X, dens fin E N : U H T"xo 7 ^ 0}) > 0. The existence 
of entire functions which are hypercyclic (frequently hypercyclic) for D is known 
since MacLane [23] (Bayart and Grivaux [2], resp.). For excellent accounts of these 
topics, we refer the reader to the books [31120]. Notice that, if X is a Frechet space, 
every T-hypercyclic vector is T-irregular. 

Many papers have been devoted to study the rate of growth of entire functions 
that are hypercyclic or frequently hypercyclic for D, see for instance PllslEllISlEl 
[T71 [TSl Uni EB] . In this paper, we aim to study the rate of growth of entire functions 
that are irregular or distributionally irregular for the differentiation operator. The 
growth for the “irregular” case will be completely determined, while lower and upper 
bounds will be provided for the growth of D-distributionally irregular functions. 
This research is completed by analyzing the distributional irregularity in weighted 
Banach spaces as well as the existence of large vector subspaces of D-distributionally 
irregular functions satisfying the mentioned growth conditions. 


2 Order of growth of distributional irregular en¬ 
tire functions 


For every r > 0, every entire function / and 1 < p < cxo we will consider the 
integral p-means 



as well as the function Moo(/, r) = supj^j^^ l/(^)l- 

In 1990, Grosse-Erdmann [19] discovered that there are not H-hypercycIic entire 
functions / with Moo(/, r) growing not more rapidly than e”/\/r, while there do 
exist H-hypercyclic entire functions growing under any prescribed rate speeder than 
e”/ y/r. Our hrst result states that the critical order of growth for hypercyclic and 
irregular entire functions for the differentiation operator is the same, and that this 
is independent of the p-mean considered. 


Theorem 7. Let 1 < p < 00 . IFe have: 

(a) For any function ip : M+ —)■ M+ with <p(r) —)■ 00 as r —)■ 00 there is a 
D-irregular entire function f with 


Mp{f,r) < p{r)—^ for r > 0 sufficiently large. 
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(b) There is no D-irregular entire funetion f that satisfies 


M,{f,r)<C 



for r > 0, 


where C is a positive eonstant. 

Proof. Part (a) follows from the corresponding result for D-hypercyclic functions 
[T9] (see also I2S1), since all hypercyclic vectors are irregular. 

As for (b), assume that / is an entire function satisfying Mp{f, r) < C-^ {r > 0) 
for some C > 0. Fix m G N and a radius R > m. From Cauchy’s integral formula 
for derivatives of holomorphic functions, we get for all n G N that 

/^From here and the triangle inequality one derives that 

<n\ 

Since Mfif.R) < Mp{f,R) < C /\fR, we hnd that \\D^f\\^^^^ < 

for all u G N. Letting R = n we get 

imvii _<_ "" _ 

/lloo,S{0,m) _ m^n+1 

for all n > m. Now Stirling’s formula n\ ~ \/27rne“"’ n"' {n —)■ cxd) and the fact (1 — 
^)n+i g-m imply that the sequence bounded, 

so that / cannot be irregular. □ 

The following auxiliary result, which can be found in [131 Lemma 2.2], will be 
needed in the sequel. 


Lemma 8. Let 0 < a <2 and /5 G M. Then there is a constant C > 0 such that 


E 


l-a-20 


^ (n + lyiniy 


< Cr 2 e"^ for all r > 0. 


n=0 


Let 2 < p < oo, by the Hausdorff-Young inequality (see, for example, 121 ) we 
obtain that 


{n\y 


where q := is the conjugate exponent of p. 

Our second result provides the construction of a H-distributionally irregular 
entire function having, in some sense, prescribed control on their Taylor coefficients. 


Theorem 9. Assume that {(.Jn}n>i C [0, +cxo) is a sequence withlirrin^oo^n = +oo. 
Then there exists an entire function f satisfying the following properties: 
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(a) |/”(0)| < Un for all n > 1, and 

(b) / is D-distributionally irregular in H{C). 

Proof. Firstly, the radius of convergence of the series ^ is 

/fi\ 


R = lim 


n^oo _|_ 1)1+X)! 

Therefore it converges at every z E C. In particular, we have 


= +CXD. 


lim \ 

k^OO ' ^ 


1 +- 
n 2 


n=k 


nl 


= 0 for any R> 0. 


( 1 ) 


Let us introduce some notation. Dehne ojn '■= min{a;„,n} (n > 1). Since 
^ < (n^T)T n G N, we have obtain that, for any selection of the set S' C N, 

the expression ^ FT dehnes an entire function. 

The core of the proof is the search for an entire function / having large deriva¬ 
tives f for many indexes j and, simultaneously, having small derivatives f 
for other (many) indexes j. 

Thanks to (1), we can select ai G N such that 



n=ai 


1 . 


Now, we choose /9i G N with (di > 2af. /^From (1), again, we obtain an 0:2 G N 
with 0:2 > fdl such that 



n=a2 


Choose /92 G N with /32 > 2al. Proceeding in this way, we can recursively obtain 
two sequences {a}n>i and {/9}n>i of natural numbers satisfying 


ai <2al < /3i < /3^ < ■■ ■ < an < 2al < (3n < (dl < an+i < ■ 


and 



n=(yj^ 


for all iV G N. 


Now, dehne the sets 


00 CXD 

A := IJ {an, an + l,...,al} and 5 ;= (J [jdn, /9n + 1, • • •, 1^1} ■ 

n=l n=l 


( 2 ) 
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Notice that 


dens (A) = lim sup 


> lim sup 


card(74 fl {1 ,..., n}) 


n 


card(A n {1 ,..., al}) 


at 


= lim sup 


card({a„, 


at 


= lim 

n^oo 


— 0:^1 + 1 _ . 


Hence dens (H) = 1 and, analogously, dens(-B) = 1. 
Next, we set, for n G N: 


■ = 


ojn if n G -B 
0 otherwise 


and dehne the entire function 

/(‘-) = E 


z ^^ ,—. z 

= y r = / r 

n\ n\ 

n=l n&B 


Clearly, |/(”)(0)| = for all u > 1. Therefore, our only task is to prove 

that / is distributionally irregular for D in H{C). 

With this aim, £x any m G N. If n G -B then ||-P"/|loo b(o m) — l/^”^(0)l = ^ = 
min{ cUn, n}, which entails that lim n—>-00 ||D"/|| 

oo,_B(0,m) ~ 

Finally, in order to show that lim^^^ D^f = 0 it is enough to prove that 

riGA 

lim n—^oo II/‘”’L,S(5S) = 0 for every m E N. So, £x m G N as well as an e > 0. 
Choose Nq E N with Nq > m and 1/iVo < e. Denote jo := ctvo- For every j E A 
with j > jo there is (a unique) N > Nq such that a^ < j < a%. Then we obtain 

OO Yi 

/b)(^) = j + 1 )^ 

n\ 

n=j 

OO n 

^ nl 

n=2aj^ 

because ca* = 0 if n ^ -B. From (2), the triangle inequality and the fact a% > 2aN 
we get for every G -B(0,m) that 


\f^^\z)\< uln{n-l){n-2)---{n-j + l) 


n=2a\^ 


m 

n\ 


n 


< 


* 7 ^ / 

u — < 

n — 

n=2a^ n=2a^ 


E 


E 


n ■ 


n\ 


^ E 

n=aN 


1 , n 1 1 

^ ^ “T < T7 < TW < 

n\ N No 
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Therefore ||/^^^IL, B(o,m) < ^ whenever j e A and j > jo. 

hni,'^cx> ||/^^^|loo n(o m) = 

j^A i V ? y 


In other words, 
□ 


Remarks 10. 1. The idea of making large gaps in the seqnence of Taylor coeffi¬ 
cients, given in the previons proof, is inspired by the construction of scrambled sets 
for weighted backward shifts on Kothe sequences spaces due to Wu 1271 and Wu et 

al. [28]. 

2. Observe that the function / constructed in the proof of Theorem [H] is D- 

distributionally irregular in a sense stronger than the one given in Dehnition |6l 
because the set B satisfying lim n—J-oo oo B(o m) ~ °° holds for any m G N. 

3. Observe that the sequences {«„}„>! and {I3n}n>i (hence the sets A and B) 
are independent of the sequence {oJn\n>i- This fact will be exploited in the next 
section. 


Now, we are ready to present the main result of this section. 

Theorem 11. Let 1 < p < oo, and set a = - - - -r- Then, for every e > 

2 maxi 2, p I 

0, there exists a distrihutionally irregular entire function f for the differentiation 
operator acting on H (C) such that 

Mp{f,r)<C^ (r>0) 


for some eonstant C* > 0. 

Proof. Since 

Mp{f, r) < M 2 (/, r) for 1 < p < 2, 
we need only prove the result for p > 2. 

Then £x p > 2 as well as an e > 0 and denote, as usual, by q the conjugate 
exponent of p. Take Un '.= {n> 1). Of course, we have Un —t -|-oo. By Theorem 

El there exists a H-distributionally irregular entire function / satisfying (/(O) = 0 
and) |/^"^^(0)| < for all n > 1. 

Finally, making use of the Hausdorff-Young inequality and Lemma [S] (with a = q 
and (3 = —eq), we have that 



for all r > 0 and some positive constant C, which proves the theorem. □ 

The following hgure shows our present knowledge of possible or impossible rates 
^ for distributionally irregular entire function for differentiation operator. 
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a 


No 


2 


? 


4 



Yes 


<- 


-> 


1 


2 


P 


Problem 12. For each p G [1,cxd], give the critical order of growth between ^ 

and (with a = 2 max{ 2 p} ) ^ distribntionally irregnlar entire fnnction for the 

differentiation operator. 

3 Dense linear manifolds of distribntionally irre¬ 
gular functions 

The stndy of lineability, that is, the search of linear (or, in general, algebraic) 
structnres within nonlinear sets has become a trend in the last two decades, see 
e.g. the snrvey m- In particnlar, if Y is a topological vector space (over M or C) 
and S' is a snbset of X, then S is called dense-lineable in X provided that there 
exists a dense vector snbspace M of X snch that M C S'U{0}. If, in addition, M 
can be fonnd with dim (M) = dim (X), then S is said to be maximal dense-lineable 
in X. In this section, we consider the lineability of the family of H-distribntionally 
irregnlar entire fnnctions having growth restrictions. 

To this end, we will need the next lemma, whose content can be fonnd in m 
(see also [110120]). Following [I], if A, B are snbsets of a vector space, then we 
say that A is stronger than B whenever A -\- B C A. 

Lemma 13. Assume that X is a metrizable topological vector space. Let .4, C X. 
Suppose that there exists a dense vector subspace B <Z X such that A is stronger 
than B and A H B = 0. Suppose also that A U {0} contains a vector subspace 
whose dimension equals dim(X). Then A is maximal dense-lineable. 

Denote by C the class of fnnctions satisfying simnltaneonsly all properties and 
growth restrictions considered in the previous section. More precisely, we denote 


C := {/ G H{C) : f is D-distributionally irregular in H{C) and 



r>0 


for all £ > 0 and all p G [1, cxd]}. 


The following theorem reveals a rich linear structure inside this (seemingly small) 
class. 


Theorem 14. The set C is maximal dense-lineable in H{C). 









Proof. We apply Theorem [9] to the sequence Un '■= (log(n + 1))*, where t > 0. By 
the construction given in the proof of Theorem [9] (whose notation we keep here) 
and Remark [TUlS, there are subsets A and R of N with maximal upper density 
satisfying that, for each f > 0, the entire function 

ftiz) ■■= Y] min{n, (log(n + 1))^} — 

nl 

neB 


is R-distributionally irregular in H (C). In fact, on one hand, we have that |(0) | = 
min{?7,, (log(?7, + 1))*} for all n G R and, on the other hand, the proof of Theorem 
fallows to obtain that lim"-|^ ll-P”'/t|loo b{o m) ~ ^ m G M and all t > 0. 

Observe hrst that the functions ft {t > 0) are linearly independent. Indeed, 
assume that Ci,...,Cs are complex numbers (with s > 2 and Cg ^ 0) and that 
0 < ti < ■ ■ ■ < tg. If the linear combination 

f-=Y1 ( 3 ) 

k=l 

is identically zero then, after derivation, we get 

s s s 

IrW^o)! = \ '^CkY\o)\ = \ ^CkY\o)\ = I min{n, (log(n+l))*''}| {n G R). 

k=l k=l k=l 

Since (log(n + 1))*'= < (log(n + 1))‘" (n G N; A; = 1,..., s) and ^ +oo 

as n —)■ oo, one derives that |R‘^"'^(0)| = | 'f2k=i^k log(?7, + for n G R large 

enough. Hence |R^”'^(0)| —)■ +cxd as n ^ oo {n G B), which is absurd. Then F is 
not identically 0, which shows the linear independence of {ft : f > 0}. 

Dehne M := span{/i : t > 0}. According to the previous paragraph, M is 
a vector subspace of R(C) with dim (M) = c = dim(R(C)), where c denotes 
the cardinality of the continuum. Fix any R G M \ {0}. Then R has the form 
(3), with the c^’s and the tjfs as above. Therefore, for given m G N, we have 
lim"-^^ ||-P"^R|loo B(o m) — |R^"^^(0)| = +cxo. In addition, by the triangle 

inequality. 


lim ||R”R|1 

n—^oo " " 

n^A 


oo,_B(0,m) — 


WftA 


k=l 


n^A 


oo,B(0,m) 


= 0 . 


This shows that F is R-distributionally irregular. Now, given e > 0, there is a 
constant K = K{e,ci,.. . ,Cg,ti, ■ ■ ■ As) £ (0,+oo) such that |R^”'^(0)| < K for 
all n > 1. The approach of the hnal part of the proof of Theorem [TT] yields the 
existence of positive constants C = (p G [1, cxo]) satisfying 

Mp{F, r) < Ce,p - 1 - 7 for all r > 0. 

^ 2 max{2,p} ^ 

In other words, F E C. Thus, our class C contains, except for 0, a vector space 
having maximal dimension. 
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Finally, let X := H{C), A := C and jB := {complex polynomials}. Recall 
that S is a dense vector subspace of H{C). Moreover, given P E B, one has 
p(”') = 0 for n large enough. It follows, trivially, that P is not D-distributionally 
irregular but P + / is P-distributionally irregular if / is. In addition, it is an 
easy exercise to prove that, for every 6 G M and every p G [l,cxo], the set {/ G 
P(C) : sup^^Q 6“'’Mp(/, r) < cxd} is a vector space containing the polynomials. 
Consequently, A = 0 and A + B C A. An application of Lemma 1131 yields the 
maximal dense-lineability of C. □ 

4 Weighted Banach spaces of entire functions 

In this brief section, we establish the existence of distributionally irregular vectors 
for the differentiation operator acting on certain weighted Banach spaces of entire 
functions. As a sub-product, large linear manifolds consisting of such vectors will 
be obtained again. 

A weight n on C will be is a strictly positive continuous function on C which 
is radial, i.e. v{z) = n(|2;|) {z G C), such that v{r) is non-increasing on [0, oo) and 
satisfies \imr^oo^^v{r) = 0 for each m G N. 

We define, for 1 < p < oo and a weight function n, the following spaces as in 
[22]: 

Bp,oo = Pp,oo(C,n) := {/ G H{C) : supn(r)Mp(/, r) < oo} 

r>0 

and 

Bp,o = Pp,o(C,n) := {/ G 11(C) : lim v(r)Mp(f,r) = 0}. 

r—^oo 

These spaces are Banach spaces with the norm 

\\f\\p,v = ||/||p.oo,^ := supn(r)Mp(/,r). 

r>0 

According to [22l Theorem 2.1], the polynomials are contained in Bp^o for all 1 < 
p < oo and form a dense subset in it. In particular, each space Bp^o is separable. 

It is worth noting that, ii X is a Banach space, then an operator T G B(X) 
happens to be distributionally chaotic in the sense of Schweizer and J. Smital [25] 
if and only if T has a distributionally irregular vector [T21 Theorem 12]. 

Theorem 15. Let v be a weight function such that limr^.oo= 0 for some 

1 < p < oo. If the differentiation operator D : Bp Q —)■ Bp Q is continuous, then there 
is a dense vector subspace of Bp^ all of whose nonzero functions are distributionally 
irregular for this operator. 

Proof. By [151 Theorem 2.3], if n is a weight function such that limr^oo= 0 

for some 1 < p < oo and D : Bp^ —)■ Bp^ is continuous, then D is frequently 
hypercyclic. Moreover, the set Xg of the polynomials is a dense subset in Bp g such 
that H"'/ tends to 0 in Bp^ for all / G Xg. 

On the other hand, Bayart and Ruzsa have recently proved [H Corollary 15] 
that if X is a Banach space and T G B(X) is a frequently hypercyclic operator such 
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that T"' tends pointwise to 0 on a dense subset of X then T is distributionally 
chaotic. Hence D is distributionally chaotic on Bp ^. And since, once again, there 
exists a dense set Xq such that D'^f tends pointwise to 0 for all / G Xq, then by 
[121 Theorem 15] D admits a dense vector subspace consisting (except for zero) of 
distributionally irregular functions in Bp^. □ 

Remark 16. For any 6 G M, let be the weight v{r) := e~^ for r > b, which 

is non-increasing and satisfies that sup^>o v{r+i) ^ Then, according to [I5l 
Proposition 2.1], the operator D : Bp^ —)■ Bp^ is continuous. As a consequence of 
Theorem [15] we obtain that for every p G [1, 2) and every £ > 0 there exists an 
entire function / such that 

V 

Mp{f,r)<C-^ (r > 0) 
r 2 p 

for some constant C > 0 as well as two increasing sequences of integers A = {nk)k 
and B = {mk)k such that dens(A) = dens(i?) = 1, satisfying that lim^^oo= 
0 in Bpfl (hence —)■ 0 in the topology of H{C), because convergence in Bp^ 

implies uniform convergence on compacta) and lim^^oo = cxo. But we 

do not know whether there exists m G M such that lim^^oo \\D^'‘f\\^ = oo; 

that is, we do not know whether such an / is H-irregular in H{C), so we have not 
obtained an improvement of Theorem [TTl 
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